In this paper we define the notion of weakly G-contractive maps and obtain a fixed point theorem for such mappings. Our theorem generalizes, extends and unifies some recent results by Harjani and Sadarangani and those contained therein.
Introduction and Preliminaries
Let (X, ) be a partially ordered set and f be a mapping from X into X, then f is said to be nonincreasing if x, y ∈ X, x y ⇒ f (x) f (y). The mapping f is said to be nondecreasing if
x, y ∈ X, x y ⇒ f (x) f (y). Let G = (V (G), E(G)) be a directed graph. By G −1 we denote the graph obtained from G by reversing the direction of edges and by G we denote the undirected graph obtained from G by ignoring the direction of edges. It will be more convenient to treat G as a directed graph for which the set of its edges is symmetric, i.e., E( G) = E(G) ∪ E(G −1 ). If x and y are vertices in a graph G, then a path in G from x to y of length l is a sequence {x i } l i=0
of l + 1 vertices such that x 0 = x, x l = y and (x i−1 , x i ) ∈ E(G) for i = 1, · · · , l. A graph G is called connected if there is a path between any two vertices. G is weakly connected ifG is connected. Let (X, d) be a metric space and f be a mapping from X into X. Then f is said to be a contraction on the metric space X if there exists a constant λ, 0 ≤ λ < 1 such that
Banach [2] showed that every contraction on a complete metric space has a unique fixed point.
Edelstein [3] defined the notion of contractive mappings. The mapping f : X → X is said to be contractive if
In order to obtain a fixed point of contractive maps we have to add further assumptions such as there exists a point x ∈ X for which {f n x} contains a convergent subsequence or the space is compact. The mappings f : X → X is said to be nonexpansive if
To obtain a fixed point of nonexpansive map we also have to make certain assumptions such as uniform normal structure or compactness of the space. The mapping f : X → X is said to be weakly contractive if
where
is continuous nondecreasing such that ψ is positive on (0, ∞), ψ(0) = 0 and lim t→∞ ψ(t) = ∞. The notion of weakly contractive mappings was first introduced by
Alber and Guerre-Delabriere [1] for Hilbert spaces. They proved that for Hilbert spaces, weakly contractive maps possess a unique fixed point, without any additional assumption. Rhoades [9] showed that this result also holds for general metric spaces, i.e., weakly contractive maps on complete metric spaces possess a unique fixed point, without any extra assumption. From the definitions it is clear that weakly contractive maps lie between contraction maps and contractive maps.
Ran and Reurings [8] initiated the study of fixed points of self mappings on a metric space (X, d) endowed with the partial ordering . A number of interesting results have been obtained by different authors for a partially ordered set endowed with a complete metric, see for example [6, 7, 8] . Recently, Harjani and Sadarangani [4] obtained some fixed point theorems for weakly contractive mappings on a partially ordered set endowed with a complete metric space.
We state the following results from Harjani and Sadarangani [4] for convenience.
Theorem 2] Let (X, ) be a partially ordered set and suppose that there exists a metric d in X such that (X, d) is a complete metric space. Let f : X → X be continuous and nondecreasing mapping such that
and lim t→∞ ψ(t) = ∞. If there exists x 0 ∈ X with x 0 f (x 0 ) then f has a fixed point.
Following the hypothesis which appeared in Nieto and Rodríguez-López [6, Theorem 1].
If {x n } is a nondecreasing sequence in X such that x n → x then x n x for all n ∈ N.
Theorem 3] Let (X, ) be a partially ordered set and suppose that there exists
) is a complete metric space. Assume that X satisfies (6). Let f : X → X be nondecreasing mapping such that
It was shown in Nieto and Rodríguez-López [6] that the following two conditions are equivalent.
For x, y ∈ (X, ) there exists a lower or an upper bound.
For x, y ∈ (X, ) there exists z ∈ X which is comparable to x and y.
Theorem 1.3. [4, Theorem 4] Adding condition (9) to the hypothesis of Theorem 1.1 (resp. Theorem 1.2) we obtain the uniqueness of the fixed point.
Theorem 5] Let (X, ) be a partially ordered set satisfying (9) and suppose that there exists a metric d in X such that (X, d) is a complete metric space. Assume that X satisfies (6). Let f : X → X be nonincreasing mapping such that
and lim t→∞ ψ(t) = ∞. Suppose also that either f is continuous or X is such that if x n → x is a sequence in X whose consecutive terms are comparable, then there exists a subsequence {x n k } of {x n } such that every term is comparable to the limit x.
(11)
If there exists x 0 ∈ X with x 0 f (x 0 or x 0 f (x 0 then f has a unique fixed point. and lim t→∞ ψ(t) = ∞. Suppose that either f is continuous or X is such that condition (11) holds.
If there exists x 0 ∈ X with x 0 comparable to f x 0 then f has a unique fixed point x. Moreover, for
Remark 1.6. We noted that the above theorems are still valid if we remove the condition lim t→∞ ψ(t) = ∞ for the hypothesis.
Jachymski [5] used the language of graph theory instead of partial ordering and obtained some useful fixed point theorems for mappings on a complete metric space. Motivated by Jachymski [5] in this paper, using the language of graph theory, we obtain a fixed point theorem that unifies and extends the above results by Harjani and Sadarangani [4] . In particular, we show that Theorems 1.1, 1.2, 1.3, 1.4 and 1.5 are special cases of our result.
Main Results
Motivated by Jachymski [5] we introduce the following definition. Let (X, d) be a metric space and ∆ denote the diagonal of the Cartesian product X × X. G is a directed graph such that the set V (G) of its vertices coincides with X, and the set E(G) of its edges contains all loops, i.e., E(G) ⊇ ∆. Assume that G has no parallel edges. We may treat G as a weighted graph by assigning to each edge the distance between its vertices.
Definition 2.1. Let (X, d) be a metric space endowed with the graph G (as discussed above). A mapping f : X → X is called weakly G-contractive if it satisfies the following two conditions. For
where ψ : [0, ∞) → [0, ∞) is continuous nondecreasing such that ψ is positive on (0, ∞) and
Example 2.2. Let (X, d) be a metric space. Consider the graph G 0 defined by G 0 = X × X.
Then any weakly contractive map is a weakly G-contractive map.
Theorem 2.3. Let (X, d) be a complete metric space and f be a weakly G-contractive mapping from X into X. Suppose that one of the following conditions holds
(ii) for any {x n } in X such that x n → x with (x n+1 , x n ) ∈ E(G) then there exists a subsequence
has a unique fixed point.
Proof. Since X f = ∅, there is x 0 ∈ X such that (f x 0 , x 0 ) ∈ E(G). Therefore, from (12) and
and
Repeating the above argument we get a sequence {f n x 0 } in X such that
Let ρ n := d(f n+1 x 0 , f n x 0 ). It follows from (19) that ρ n is a decreasing sequence of positive numbers bounded below by 0, thus convergent. Let ρ n → ρ ≥ 0. Taking the limit as n → ∞, from (18) we get
From this we have ψ(ρ) = 0. Thus ρ = 0, since ψ(t) > 0, ∀t ∈ (0, ∞). Therefore,
Now for m.n ∈ N, m > n by triangular inequality we have
Letting n → ∞ and using (21) we get
This shows that {f n x 0 } is a Cauchy sequence in X. Since X is complete there exists ξ ∈ X such that f n x 0 → ξ.
Suppose condition (i) holds, i.e., f is continuous, then ξ = lim n→∞ f n+1 x 0 = f ξ. Thus ξ is a fixed point of f . Now suppose that condition (ii) holds. Then there exists a subsequence {f n k x 0 } of {f n x 0 } such that (ξ, f n k x 0 ) ∈ E(G)∀k ∈ N. Now, using (13) we have
Remark 2.4. Indeed f is a Picard operator. To see this let x ∈ X. Since G is connected there exists a path between x and ξ. Then by similar argument as in the proof of uniqueness (in the proof of above theorem) we have
Thus lim n→∞ f n (x) = ξ.
Remark 2.5. Let (X, d) be a metric space and be a partial order in X. Define the graphs G 1 by
Note that for this graph, condition (12) means f is nondecreasing with respect to this order. Further, condition (ii) of Theorem 2.3 reduces to the condition, "that any nondecreasing sequences {x n }, with x n → 0 has a subsequence {x n k } such that x x n k for all k ∈ N", which is certainly weaker than condition (6) . Furthermore, the connectivity of the graph gives condition (9).
Therefore, Theorems 1.1, 1.2 and 1.3 are special cases of Theorem 2.3 when G = G 1 .
Proposition 2.6. Let (X, d) be a metric space endowed with a graph G and f : X → X be a weakly G-contractive mapping. Then f is weakly G −1 -contractive as well as weaklyG-contractive mapping.
Proof. Let (x, y) ∈ E(G −1 ), then (y, x) ∈ E(G). Since f is weakly G-contractive, (f y, f x) ∈ E(G). Thus (f x, f y) ∈ E(G −1 ). Therefore, condition (12) is satisfied for the graph G −1 . As Remark 2.7. Consider the following graph in the metric space (X, d) E(G 2 ) = {(x, y) ∈ X × X : x y ∨ y x}.
For this graph (12) holds if f is monotone with respect to the order. Moreover, G 2 =G 1 and it follows from the above proposition that if f is weakly G 1 -contractive it is weakly G 2 -contractive.
Therefore Theorems 1.4 and 1.5 are special cases of Theorem 2.3 when G = G 2 .
